Supermassive stars have been proposed as the progenitors of the massive (∼ 10 9 M ⊙ ) quasars observed at z ∼ 7. Prospects for directly detecting supermassive stars with next-generation facilities depend critically on their intrinsic lifetimes, as well as their formation rates. We use the 1D stellar evolution code Kepler to explore the theoretical limiting case of zero-metallicity, non-rotating stars, formed monolithically with initial masses between 10 kM ⊙ and 190 kM ⊙ . We find that stars born with masses between ∼ 60 kM ⊙ and ∼ 150 kM ⊙ collapse at the end of the main sequence, burning stably for ∼ 1.5 Myr. More massive stars collapse directly through the general relativistic instability after only a thermal timescale of ∼ 3 kyr-4 kyr. The expected difficulty in producing such massive, thermally-relaxed objects, together with recent results for currently preferred rapidly-accreting formation models, suggests that such "truly direct" or "dark" collapses may not be typical for supermassive objects in the early Universe. We close by discussing the evolution of supermassive stars in the broader context of massive primordial stellar evolution and the possibility of supermassive stellar explosions.
INTRODUCTION
The detection of high redshift quasars which have reached ∼ 10 9 M ⊙ within the first billion years presents a stark challenge to our understanding of the evolution of structure in the Universe (e.g., Haiman & Loeb 2001; Mortlock et al. 2011) . A Population III stellar-mass black hole (∼ 100 M ⊙ ) forming at z ∼ 20-30 would need to continuously accrete at the Eddington rate in order to reach this mass by z ∼ 7, an unlikely event given the strong ionizing feedback from such an object and the gas reservoir typically available in their natal environments (Whalen & Fryer 2012) . In light of these difficulties, alternative mechanisms for producing more massive initial black hole masses ("seeds") have been increasingly favoured, with the collapse of supermassive (∼ 10 5 M ⊙ ) stars emerging as a promising alternative scenario for the progen-⋆ Plaskett Fellow † E-mail: tyrone.woods@nrc-cnrc.gc.ca itors of massive black holes in the early Universe (e.g., Rees 1984; Volonteri 2010; Woods et al. 2019 ).
The existence of supermassive stars, with masses > 10 5 M ⊙ , was first suggested as a possible explanation for the nature of luminous, extragalactic radio sources (Hoyle & Fowler 1963; Iben 1963) . Although these are now understood to be accreting supermassive black holes, a number of pathways leading to the formation of such objects via an initially supermassive star remain viable (Rees 1984) . Classically, perhaps the most commonly-invoked route to producing such an object has been via the rapid collapse of a dense stellar cluster (e.g., Begelman & Rees 1978) , although theoretical models have thus far found it difficult to produce seeds more massive than ∼ 3-30 × 10 3 M ⊙ in this way. More recently, a number of channels have also been proposed for massive seed formation via extremely rapid accretion onto a single (or small number of) seeds. In the atomic-cooling halo scenario (e.g., Bromm & Loeb 2003; Dijkstra et al. 2008 ; Regan et al. 2017 ), photo-destruction of the molecular hydrogen in a primordial halo at z ∼ 10-20 by an intense Lyman-Werner flux permits the halo gas to reach ∼ 8 kK before radiative losses from atomic hydrogen line transitions can lock in the temperature, bringing the Jeans mass and typical infall rates up to ∼ 100 kM ⊙ and 0.1-10 M ⊙ yr −1 . The fates of the resulting objects have been examined in increasing detail in the last few years (e.g., Hosokawa et al. 2013; Woods et al. 2017; Haemmerlé et al. 2018b) . Large baryonic streaming velocities may be able to assist in suppressing star formation in the process, and may even be sufficient in the absence of a substantial Lyman-Werner flux (e.g., Tanaka et al. 2013) . Alternatively, the merger of massive gas-rich protogalaxies may be able to create the necessary conditions for an unstable, massive nuclear disk to drive extremely rapid inflows (∼ 100-1000 M ⊙ yr −1 ), providing another channel for the formation of even more massive seeds (Mayer et al. 2010) .
There is growing indirect evidence for the existence of massive seeds, and perhaps supermassive stars, e.g., the apparently low critical Lyman-Werner flux needed for atomic-cooling halos to form (Wise et al. 2019) , and the low occupation fraction of IMBHs in dwarf galaxies (Mezcua 2019) . None of the scenarios listed above, however, are without difficulties ( e.g., Volonteri 2010; Latif & Ferrara 2016; Woods et al. 2019) . Recent efforts have examined the evolution and fates of the growing central objects in the rapidly-accreting (e.g., atomic-cooling halo) as well as protogalactic merger scenarios (Woods et al. 2017 Haemmerlé et al. 2018a Haemmerlé et al. , 2019 . Here, we investigate the fates of "monolithically-formed" supermassive stars as an idealized case in the limit of wholly thermally-relaxed objects. Previously, Fuller et al. (1986) carried out the first early investigation into the evolution and fate of supermassive stars to use the Kepler stellar evolution code (though see also Appenzeller & Fricke 1972a,b) . Here, we provide a modern update incorporating an adaptive nuclear burning network, as well as significant refinement of their results for zero-metallicity supermassive stars, in order to determine their ultimate fates.
In Section 2, we review the properties of supermassive stars before outlining the numerical method used in our simulations. In particular, we note the key upgrades which have been made to the stellar evolution and hydrodynamics code Kepler since the seminal work of Fuller et al. (1986) , notably the inclusion of an adaptive network allowing for a complete treatment of all relevant nuclear reactions (Woosley et al. 2004) . In Section 3, we delineate for the first time the boundaries as a function of stellar mass for stable helium-burning, stable hydrogen burning, and "truly direct" collapse to a black hole (i.e., without a prior phase of hydrostatic nuclear-burning). We provide a summary of the evolutionary fates of the most massive stars in Section 3. We then close in section 4 with a brief discussion of these results in a broader context.
MODELLING SUPERMASSIVE STARS

Analytical Estimates
The first investigations of the plausible physical characteristics of supermassive stars were carried out by Hoyle & Fowler (1963) and Iben (1963) . These early studies ignored any details of the formation of the 10 4 -10 8 M ⊙ objects which they considered, implicitly assuming them to have formed instantaneously, though not in a thermally-relaxed state. Throughout this work, we shall refer to such models as "monolithic" supermassive stars, in contrast with supermassive stars formed through extremely rapid accretion in massive, atomically-cooled halos (e.g., Regan et al. 2017) , for which there are striking differences in the internal structure (e.g., Hosokawa et al. 2013) . A high-entropy, monolithic model is commonly invoked as a reasonable approximation for a supermassive star formed in the collapse and coalescence of a dense stellar cluster (e.g., Begelman & Rees 1978; Fuller et al. 1986; Denissenkov & Hartwick 2014; Gieles et al. 2018 ). More generally, however, such models are instructive as a limiting case, being the most compact, thermally-relaxed means of constructing a model supermassive star. In this section, we focus only on what is essential to grasp the physics determining the fate of primordial supermassive stars as a function of their initial mass. For a more thorough review, see Fuller et al. (1986) and Woods et al. (2019) .
Radiation pressure easily provides the dominant contribution to maintaining hydrostatic equilibrium in supermassive stars. Therefore, in the case of monolithically-formed supermassive stars their structure is well-approximated as a polytrope of index n = 3. The ratio of gas-to-total pressure is thus given by
(1) (Chandrasekhar 1939) , where µ is the mean molecular weight and M is the stellar mass. The local adiabatic index within such a star is everywhere very nearly 4 /3
with gas pressure providing only a small additional perturbation. A classical polytropic star with Γ 1 = 4 /3 has no natural length scale, and zero total energy; such objects are unstable and may be expected to explode or collapse on their dynamical timescale. Chandrasekhar (1964) showed that a fully general relativistic treatment yields an instability at a slightly greater adiabatic index of
where for an n = 3 polytrope, K ≈ 1.12. Therefore, recalling Eq.
(2), we may expect the general relativistic instability to induce the dynamical collapse of any supermassive star above some critical mass, depending also on its radius and mean molecular weight. In practise, this limit has more commonly been recast using more convenient variables, such as a limiting critical central density:
ρ crit ≈ 2 × 10 18 0.5 µ
Whether and when a supermassive star undergoes a collapse induced by the general-relativistic instability, however, also depends on its thermal and nuclear evolution. The luminosity of any very massive radiationdominated star will be very nearly at the Eddington limit:
with electron scattering the dominant source of opacity:
where X and Y are the hydrogen and helium abundances, σ T is the Thomson cross section, and m p is the proton mass.
Here κ varies from 0.825 σ T /m p to 0.5 σ T /m p for primordial composition and pure helium, respectively. The total energy available from nuclear-burning of hydrogen is Q ≈ ǫ M, where ǫ ≈ 6.4 × 10 18 erg g −1 . This gives us an estimate of the hydrogen-burning main sequence lifetime:
independent of the mass. Should the star undergo stable helium-burning prior to collapse, its lifetime can exceed this by ∼ 10 %.
In the absence of nuclear burning, or before its onset in the event that the supermassive star is initially formed in some "puffed-up" high-entropy state, the star will contract on its thermal timescale until reaching a critical energy/central density (Shapiro & Teukolsky 1983) :
For a "pre-main sequence," primordial-composition supermassive star undergoing thermal relaxation, nuclearburning of hydrogen can initially proceed only through the PP III chain once the core of the contracting star reaches temperatures of 2.3 × 10 7 K. The rate of energy release through this reaction alone, however, is insufficient to halt the collapse of the massive, primordial-composition star (e.g., Fuller et al. 1986; Begelman 2010) . Instead, the contraction continues until triple-α burning of helium sets in at T c 10 8 K. The fate of monolithic supermassive stars with masses 10 5 M ⊙ , then, becomes a question of whether triple-α burning can produce a sufficient CNO abundance to catalyze hydrogen burning before the star has contracted to the point of satisfying the general relativistic instability.
Simulating supermassive stars with Kepler
In order to quantitatively delineate the boundary between supermassive stars which survive to nuclear-burning, and those which undergo a truly direct collapse, we must carry out detailed stellar evolutionary calculations. In this work, we carry out our analysis using the 1-dimensional lagrangian hydrodynamics and stellar evolution code kepler (Weaver et al. 1978; Woosley et al. 2002) . kepler solves for the conservation of angular momentum and energy, includ-ing acceleration and viscosity terms, as well as first-order (post-Newtonian) corrections to gravity:
where in eq. 9, the acceleration in any Lagrangian zone is found from the sum of the pressure gradient, gravitational acceleration, and viscous drag, while the net energy flux for the same is found from the sum of the work, viscous dissipation, radiative flux, and energy generation. The post-Newtonian correction is included through the modified gravitational constant:
while the viscous terms include the factor:
with η ν the dynamic viscosity as given in Weaver et al. (1978) , including both the real and artificial viscosity. The latter allows us to damp out acoustic oscillations during quiescent periods of the evolution of a model. Nuclearburning is included using a full adaptive network implicitly coupled to the hydrodynamics (Woosley et al. 2004 ). Note that this is a dramatic improvement over the 10isotope APPROX network (Wallace & Woosley 1981 ) used in the original study of Fuller et al. (1986) . kepler uses a Helmholtz-like equation of state (Timmes & Swesty 2000) including electron-positron pair production; relativistic and non-relativistic, degenerate and non-degenerate electrons; and radiation. Convection is carried out in a time-dependent manner as described in Weaver et al. (1978) . Convective heat transport is included only when a zone is convective by the Ledoux criterion. For accreting models, accretion is carried out as described in Woosley et al. (2004) and Woods et al. (2017) .
Kepler partitions each supermassive star model into an arbitrarily large number of zones; here we typically resolve ∼ 1-2,000 zones, with a particularly fine mesh near both the centre (∼ 10 30 g per zone) and the surface (down to ∼ 10 26 g per zone). For each model step, Kepler makes an arbitrarily large initial guess for the duration of the next time step, and then scans through all zones in order to find the shortest time step needed in order to avoid too great a change in the fractional radius, temperature, luminosity, or density of any zone per time step, and to follow the emergence of any shocks. In this way, we can follow the long-term evolution of the star over thermal and nuclear timescales, dropping to sufficiently short steps so as to resolve hydrodynamic timescales only at the emergence of an instability.
Each model is initialized as a n = 3 polytrope of a given mass, with the initial entropy then set by the choice of central density. Here we choose ρ c,i = 0.001 g cm −3 in order to simulate relatively high entropy protostars formed from the rapid collapse of a dense stellar cluster, as in Fuller et al. (1986). We assume primordial composition consistent with Big Bang Nucleosynthesis with a baryon-to-photon ratio of ∼ 6×10 −10 , with initial mass fractions of H, 4 He, 3 He, 2 H, and Li of ∼ 0.75, 0.25, 2.1×10 −5 , 4.3×10 −5 , and 1.9×10 −9 , respectively (Cyburt et al. 2001 (Cyburt et al. , 2002 . We ignore mass losses both due to winds (expected to be negligible, see e.g., Vink et al. 2001 ) and pulsations (Baraffe et al. 2001) . We model protostars with initial masses between 30 M ⊙ and 190 kM ⊙ with a resolution of 10 kM ⊙ . In order to carefully resolve the onset of nuclear-burning, we limit the time step to 10 6 -10 7 s during the initial hydrostatic contraction/thermal relaxation of our models (i.e., the first ∼ 2 × 10 11 s).
RESULTS
The fate of each model after approximately a thermal timescale depends on whether the energy released from nuclear burning can halt contraction before the onset of a runaway dynamical collapse, arising due to the post-Newtonian Chandrasekhar instability. We find a transition between hydrostatic hydrogen-burning and dynamical collapse occurs above 150 kM ⊙ . This is illustrated in Fig. 1 . The central specific volume (1/ρ c ) and central temperature (T c ) are plotted as a function of time, for either end of this mass range, after approximately one thermal relaxation time has elapsed. For objects of 160 kM ⊙ (and greater), we find that nuclear-burning is unable to halt contraction and ultimately collapse. We terminate our calculations once the central temperature has exceeded 1.5 × 10 10 K, at which point we find infall velocities have reached a few % of the speed of light. Although our post-Newtonian approximation is no longer valid beyond this point, such objects are well above the pair instability limit for direct black hole formation, and therefore may be expected to continue to collapse to form black holes .
Objects formed with initial masses of 150 kM ⊙ and below are found to survive to hydrostatic nuclear-burning; these are the most "supermassive" objects which may be called "stars." In this mass range, the onset of triple-α helium-burning once central temperatures have reached 10 8 K is able to produce sufficient CNO to catalyze hydrogenburning before the contraction becomes unstoppable. Interestingly, at the upper bound of this regime, the contraction is reversed at somewhat greater densities than predicted to be stable against the post-Newtonian instability in the polytropic approximation. This is reasonable; polytropic models are unable to account for the energy release from nuclear-burning, which reaches a peak at a central density of ∼ 2 × ρ crit for our 150 kM ⊙ model before reversing the collapse. This is seen in Fig. 1 as a turn-around in the central density and temperature. It leaves the star in a slightly inflated state, which persists for ∼ 2,500 yr, comparable to the thermal timescale, before the star settles onto the hydrogenburning main sequence. Note that during this time we find significant noise in the central CNO abundances, resolved only once central convection is firmly established after ∼ 20,000 years.
After this reversal, our models with M ≤ 150 kM ⊙ enter the main sequence with central temperatures of ∼ 1.8×10 8 K, effective temperatures of ∼1-1.1×10 5 K, and with luminosities which scale linearly with the total mass, from ∼ (1-6) × 10 9 L ⊙ for 30 kM ⊙ -150 kM ⊙ (see also Table 1 ). These ZAMS effective temperatures and luminosities are in very close agreement with that for a nearly Eddington-luminosity, n = 3 polytrope assuming radiation pressure support only (e.g., Hoyle & Fowler 1963) , confirming the consistency of our simulations. The subsequent evolution of a representative selection of our models up until the end of the main sequence is shown in Fig. 2 .
Upon reaching the main sequence, these stars maintain central temperatures of order 10 8 K, and continue to produce CNO elements via the triple-α reaction. This increase in catalyzing agents of hydrogen-burning by the CNO-cycle drives a very gradual expansion of the core as less extreme burning conditions are needed to supply the star's luminosity. This slowly pushes the central density and the central temperature very slightly to lower values to maintain equilibrium (see Fig. 3 to the growing helium fraction (see, e.g., Marigo et al. 2001 ). This behaviour of expansion and decrease of core density is unique to Pop III stars and prevents collapse of the star during core hydrogen burning once it has come to thermal equilibrium on the Zero-Age Main Sequence. We find that all stars born with initial masses below 150 kM ⊙ survive until core hydrogen is exhausted at the end of the main sequence, whereupon they contract again, risking the post-Newtonian instability once more unless heliumburning reverses the contraction first. We find this second transition occurs above 60 kM ⊙ , with larger masses undergoing dynamical collapse at the end of the main sequence and lower masses surviving through to at least onset core helium-burning, and may collapse due to the onset of the post-Newtonian instability or the pair instability at a later evolutionary stage.
Notably, this lower transition occurs immediately above the mass range where, it has previously been claimed, rapid helium-burning may be able to reverse the collapse entirely, allowing stars of ≈ 55 kM ⊙ to undergo thermonuclear explosions (Chen et al. 2014) . With this in mind, we made a number of trial computations at masses between 150 kM ⊙ -160 kM ⊙ , in order to search for an additional "island of explodability" at the transition from hydrostatic hydrogenburning to direct collapse. Such objects are evidently extremely marginal, however, and we were unable to robustly reproduce a similar explosion within this range (i.e., one which did not become a collapse or survive to hydrostatic burning when re-run with a finer resolution in mass grid points and/or time step), despite the extraordinary rapidproton capture nucleosynthesis immediately prior to collapse. Given the existing uncertainties in, e.g., nuclear reaction rates, one-dimensional modelling of convection and mixing -especially in such supermassive, extremely radiationdominated objects -as well as the strong oscillations in core CNO abundance found after the initial burst of tripleα burning (recall Fig. 3 and discussion above) , we do not speculate further at this time, but reserve modeling the final evolution after the onset of collapse, particularly within this mass interval, for a forthcoming study. Figure 4 summarises the lifetimes and evolutionary states at collapse of all monolithic supermassive stars as a function of initial mass. For comparison, Figure 5 shows the lifetimes of supermassive stars which, instead of "monolithic" formation, are built up through steady rapid accretion of 0.1-10 M ⊙ yr −1 , e.g., in the atomically-cooled halo scenario, as a function of the final mass which they reach at collapse (from Woods et al. 2017) . Two notable differences arise in comparing the fates of supermassive stars in these two extremes: First, the transition between surviving to core helium-burning and collapsing on the main sequence occurs at higher masses for rapidly-accreting stars (marked with a black circle in Fig. 5 and corresponding to an accretion rate of ∼ 0.03 M ⊙ yr −1 ). This is reason- , and the dashed black line denotes the timescale for thermal contraction (Eq. 8). The first and second vertical dark grey bands denote the transitions between stars which survive through core-helium burning and those which collapse at the end of core hydrogen-burning; and those which collapse at the end of core-hydrogen-burning and those which never undergo hydrostatic nuclear-burning, respectively. able, given that a significant portion of the mass in rapidlyaccreting models is in a high-entropy envelope, decoupled from the nuclear-burning convective core (Hosokawa et al. 2013; Woods et al. 2017; Haemmerlé et al. 2018a) . Second, there is no transition to truly direct collapses for even the highest accretion rates expected within the atomicallycooled halo scenario, or from a more agnostic standpoint, for infall rates up to 10 M ⊙ yr −1 . Notably, however, the lifetimes of rapidly-accreting supermassive protostars in our kepler models do appear to trend towards the thermal relaxation timescale at the highest accretion rates. More rapid accretion rates may be feasible in more exotic massive seed formation scenarios, in particular the mergers of massive, gas-rich proto-galaxies (Mayer et al. 2010 ). It has been argued (Mayer et al. 2010; Mayer & Bonoli 2018 ) that under certain conditions such mergers may yield massive (∼ 10 9 M ⊙ ), rotationally-supported disks which may collapse to yield accretion rates of up to 10 3 -10 5 M ⊙ yr −1 . In a companion study (Haemmerlé et al. 2019) , we have investigated whether such high accretion rates may allow rapidly-accreting black hole seeds to circumvent hydrostatic hydrogen-burning. In this case, we found that for accretion rates well above the atomic-cooling regime, central accreting objects cannot maintain hydrostatic equilibrium unless the central protostar has already become supermassive. We refer the reader to Haemmerlé et al. (2019) for more details.
DISCUSSION
Understanding the viability of supermassive stars as a progenitor channel for at least the most massive high-redshift Figure 5 . The lifetimes of supermassive stars formed through rapid accretion as a function of their final mass at collapse (i.e., for varying accretion rate, see Woods et al. 2017 , for more details). The large black circle denotes the approximate boundary in this range between objects which collapse while still hydrogenburning (greater masses) and those which survive to core heliumburning (lower masses). Note that all previously considered models have undergone a phase of hydrostatic hydrogen-burning prior to collapse -i.e., for rapidly-accreting objects, no "truly direct" collapses have yet been found in numerical simulations.
quasars, or even all supermassive black holes, must ultimately await observational confirmation. In the next decade, next-generation observatories such as the James Webb Space Telescope and Euclid will, in principle, be able to directly detect supermassive stars themselves at their expected formation redshifts (i.e., z ∼ 12-20, e.g., Surace et al. 2018 Surace et al. , 2019 . The number per unit solid angle per unit redshift which we may expect to be detectable depends linearly on their intrinsic lifetimes (∼ ∆t SMS ), as well as their formation rate ( n SMS ):
where r(z) is the comoving distance to redshift z,
Note that in principle both n SMS and ∆t SMS will take on distributions of values which may depend on z, for a given formation channel and environment. The continued production of CNO isotopes by the triple alpha process unique to massive Population III stars leads to an expansion during hydrostatic core hydrogen burning and prevents the collapse during core hydrogen burning once the star has reached thermal equilibrium. The transition at very high masses, and, perhaps, very high accretion rates, from surviving through hydrostatic hydrogen-burning to "truly direct" collapse on a thermal timescale carries with it a drop by 2-3 orders of magnitude in expected lifetime prior to black hole formation. Therefore, understanding not only the formation rates but the total masses of supermassive objects in any given scenario is critical to evaluating future prospects for detection. For the collapse of dense stellar clusters, the loss of a substantial fraction of such a cluster's mass by ejection of stars via 3-body interactions is thought to strongly limit the total mass of any central supermassive star formed by this channel, with an upper bound potentially as low as ∼ 3 kM ⊙ (e.g., Devecchi et al. 2012) . This is still well within the mass regime where collapse is expected due to the pairinstability at the end of the star's nuclear-burning lifetime (Fig. 6 ). In this case, no "truly direct" (or "dark") collapse is possible within dense stellar clusters, even within the idealized model presented here.
Recently, it has been suggested that the photospheres of growing supermassive stars embedded within dense stellar clusters may greatly inflate, in analogy with supermassive stars which grow by rapid accretion in the atomicallycooled halo scenario. The resulting larger cross-section for mergers may then be able to boost the possible final mass of the central object formed by cluster collapse by an order of magnitude or more (Boekholt et al. 2018) . In this case, however, the structure of the star would similarly be more analogous to that of rapidly-accreting supermassive stars, and we would still expect a phase of hydrostatic nuclear-burning prior to collapse (Woods et al. 2017) . Given our present understanding of supermassive stellar evolution at accretion rates accessible by extreme environments in the early Universe, then, it appears an initial phase of hydrostatic nuclear-burning is inescapable prior to collapse, putting a firm lower bound on the lifetimes of supermassive "direct collapse" black hole seeds of ∼ 30 kyr-100 kyr for the most extreme accretion rates possible in the atomiccooling halo regime, with lifetimes of ∼ 1-2 million years being more typical for lower accretion rates or in the collapse of dense stellar clusters. Only for very extreme accretion rates (≫ 10 M ⊙ yr −1 ), arising from, e.g., the merger of massive protogalaxies (Mayer et al. 2010) , may "truly direct" collapses be possible, however, this requires further study (Haemmerlé et al. 2019) .
Aside from the direct detection of supermassive stars, what other prospects exists for observational constraints? If there is significant mass return from supermassive stars, either during or at the end of their lives, this may leave a distinct nucleosynthetic signature that can be sought in the local Universe. Notably, it has been suggested that eruptive mass loss from supermassive stars during their hydrogenburning main sequence may be able to account for the abundance anomalies in proton-rich elements found in globular clusters (Denissenkov & Hartwick 2014; Gieles et al. 2018) . This is due to the very high central temperatures at which hydrogen-burning takes place in these stars, although a mechanism for producing such eruptions has proven elusive. On a speculative note, one possibility may be the rapid nuclear-burning of a sudden influx of hydrogen ingested during a merger with a more typical Pop III star; for our 150 kM ⊙ star, the total binding energy near the end of the main sequence is approximately 3×10 54 erg, equivalent to the energy released from nuclear-burning of all the hydrogen in a ∼ 300 M ⊙ star. Whether merger events are able to lead to eruptive episodes that partially or fully unbind the star requires considerable further investigation. In the event of an absence of additional "islands of explodability," such as the narrow range of masses found for helium-burning supermassive stars by Chen et al. (2014), evidence for the mass distri-bution of supermassive stars, and their final fates, may need to be inferred from the results of future efforts to find intermediate mass black holes (Mezcua 2017; Koliopanos 2017; Woods et al. 2019) , massive black hole seeds accreting at high redshift (e.g., Pacucci et al. 2019) , and critically, direct detections of supermassive stars themselves (Surace et al. 2018 (Surace et al. , 2019 .
In the meantime, our results for the evolution of monolithic stars are summarized in the context of more typical stellar evolution in Fig. 6 . Based on these results, we may place a tentative upper bound on the masses of stars which collapse at the end of their nuclear-burning lives upon encountering the pair instability, with primordial stars more massive than ∼ 60 kM ⊙ collapsing at the end of the hydrogen-burning main sequence due to the post-Newtonian Chandrasekhar instability. This provides a physically-motivated division of any very massive primordial star from the truly "supermassive" regime, at least for the non-rotating case. Furthermore, we may place a similar absolute limit of ∼ 150 kM ⊙ on the total stellar mass of a primordial, thermally-relaxed, non-rotating star, for which a hydrogen-burning main sequence is possible. We conclude that for the non-rotating, monolithically-formed case, no bound object of primordial composition with mass greater than ∼ 150 kM ⊙ may be truly considered a "star." zero metallicity Figure 6 . Extension of the initial-final mass relation for zero-metallicity stars from . For zero metallicity (primordial) stars, final mass at collapse is denoted by the solid blue line (for low-mass stars, we plot the mass at the end of core helium-burning here). The solid red line denotes the final remnant mass after mass loss both during the final stages of stellar evolution as well as explosive mass loss at the time of collapse (with the latter shaded green). "Conventionally" massive stars with initial masses greater than ∼ 260 M ⊙ collapse directly to black holes due to the e − e + pair instability. This changes in the supermassive regime, as stars with masses greater than ∼ 60 kM ⊙ collapse at the end of core hydrogen-burning due to the onset of the post-Newtonian Chandraskehar instability, while stars with masses greater than ∼ 160 kM ⊙ reach this instability before the onset of hydrostatic nuclear-burning.
